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ESTIMATES FOR A GEOMETRIC FLOW FOR
THE TYPE IIB STRING 1
Teng Fei, Duong H. Phong, Sebastien Picard, and Xiangwen Zhang
Abstract
It is shown that bounds of all orders of derivative would follow from uniform bounds for
the metric and the torsion 1-form, for a flow in non-Ka¨hler geometry which can be interpreted
as either a flow for the Type IIB string or the Anomaly flow with source term and zero slope
parameter. A key ingredient in the proof is a formulation of this flow unifying it with the
Ricci flow, which was recently found.
1 Introduction
Anomaly flows were introduced in [18] as a way of enforcing the conformally balanced
condition in the Hull-Strominger system for supersymmetric compactifications of the het-
erotic string [4, 14, 28]. Their effectiveness can be inferred from their having produced an
alternative and unified approach [19] to the solutions found by Fu and Yau [10, 11], which
had originally required solving a complicated Monge-Ampe`re type equation with gradients
and very different estimates. Since then, they have also revealed themselves to be at the
interface of many well-known questions in complex geometry: the special case with zero
slope and no source can give another proof of the Calabi conjecture as well as a test of
the Ka¨hler property [20]; it also turns out to be a natural generalization of the Ricci flow
to the complex and non-Ka¨hler setting [8], which had been considered independently in
[27, 33]; and we shall see shortly below that the version with zero slope but with source
terms provides a natural geometric flow for supersymmetric compactifications of the Type
IIB string, which had been formulated in [13, 29] and [30, 31, 32]. Anomaly flows also
fit naturally in the broad theme of curvature flows in non-Ka¨hler geometry, to which also
belong many flows of great current interest [1, 2, 3, 16, 17, 27, 33].
While Anomaly flows have been worked out in a number of examples (see e.g. [6,
8, 9, 19, 21] and the recent case of nilmanifolds [26]), their understanding is still very
incomplete. In particular, no general criterion for their long-time existence or convergence
is as yet known. For this, it would be valuable to know what minimum set of estimates
would imply estimates to all orders. This issue is of particular interest for flows in non-
Ka¨hler geometry, as the precise role of torsion terms is not yet fully understood. Even
for scalar equations, C1 estimates often stand apart and require different tools (see e.g.
[5, 22]).
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The goal of the present paper is to address this issue for the following flow. Let X be a
compact n-dimensional complex manifold, equipped with a nowhere vanishing holomorphic
(n, 0)-form Ω, and a conformally balanced Hermitian metric ω0, i.e., d(‖Ω‖ω0ω
n−1
0 ) = 0
where ‖Ω‖ω0 is the norm of Ω with respect to ω0, that is i
n2Ω ∧ Ω¯ = ‖Ω‖2ω(ω
n/n!). Let
Ψ be a smooth given real and closed (n − 1, n − 1)-form. We consider the flow t → ω(t)
defined by
∂t(‖Ω‖ωω
n−1) = i∂∂¯ωn−2 −Ψ. (1.1)
A fundamental property of this flow is that it preserves the conformally balanced condition
d(‖Ω‖ωω
n−1) = 0. If we specialize to n = 3, we recognize this flow as the flow of the
Hermitian metric in the Anomaly flow defined in [18], with slope α′ = 0 and source Ψ.
Also, recall that the equations for supersymmetric compactifications for the Type IIB
string have been worked out in [13] and [29]. In the simplest form studied in [30, 31, 32],
they can be expressed as follows. In this case, one sets again n = 3, and looks for a
Hermitian metric ωˆ on X satisfying the following equations
dωˆ2 = 0, i∂∂¯(‖Ω‖−2ωˆ ωˆ) =
1
2
ρB (1.2)
where ρB is the Poincare´ dual to a given linear combination of holomorphic 2-cycles. If
we set ω = ‖Ω‖−2ωˆ ωˆ, then ‖Ω‖ω = ‖Ω‖
4
ωˆ, then the preceding equations can be rewritten as
d(‖Ω‖ωω
2) = 0, i∂∂¯ω =
1
2
ρB. (1.3)
This just means that ω is a stationary point of the flow (1.1) with source Ψ = 1
2
ρB, and
the flow provides a natural parabolic approach to solving the equations of the Type IIB
compactifications (see also [12]). Henceforth, we shall refer to (1.1) flow as the Type IIB
flow, reserving the name “Anomaly flow” for the cases involving a non-zero parameter α′.
To state precisely our main results, we describe our conventions. If we write ω =
igk¯jdz
j ∧ dz¯k, the torsion of ω is
Tmjp = g
mq¯(∂jgq¯p − ∂pgq¯j). (1.4)
The torsion 1-form τ has components
τi = T
p
pi. (1.5)
It is well-known (e.g. [23]) that for conformally balanced metrics, the identity
τi = ∂i log ‖Ω‖ω (1.6)
holds. Our main theorem is then
2
Theorem 1 Let (X,ω0) be a compact Hermitian manifold with nowhere vanishing holo-
morphic (n, 0) form Ω satisfying d(‖Ω‖ω0ω
n−1
0 ) = 0 and given closed Ψ ∈ Λ
n−1,n−1(X).
Let ω(t) evolve by the Type IIB flow
∂t
(
‖Ω‖ωω
n−1
)
= i∂∂¯ωn−2 −Ψ, ω(0) = ω0. (1.7)
Suppose on [0, T0], we have the estimate
K−11 ω0 ≤ ω(t) ≤ K1ω0, |τ | ≤ K2 (1.8)
for K1, K2 > 0. Then, there exist constants C > 0 and 0 < α < 1 depending on K1, K2,
(X,ω0,Ω) and Ψ such that
‖g‖C2+α,1+α/2(X×(0,T0]) ≤ C. (1.9)
As an intermediate consequence of the above theorem, we can provide a criterion for
the long-time existence of the flow (1.7)
Corollary 1 Under the same hypotheses as in the above theorem, the flow can be extended
to [0, T0 + ε) for some ε > 0.
In the case with no source, we can weaken our assumptions:
Theorem 2 Let (X,ω0) be a compact Hermitian manifold with nowhere vanishing holo-
morphic (n, 0) form Ω satisfying d(‖Ω‖ω0ω
n−1
0 ) = 0. Let ω(t) evolve by the Anomaly flow
∂t
(
‖Ω‖ωω
n−1
)
= i∂∂¯ωn−2, ω(0) = ω0. (1.10)
Suppose on [0, T0], we have the estimate
ω(t) ≤ K1ω0, |τ | ≤ K2 (1.11)
for K1, K2 > 0. Then, there exist constants C > 0 and 0 < α < 1 depending on K1, K2,
(X,ω0,Ω) and Ψ such that
‖g‖C2+α,1+α/2(X×(0,T0]) ≤ C. (1.12)
Moreover, there exists ǫ > 0 such that the flow can be extended to [0, T0 + ǫ).
We stress several aspects of the estimates obtained in the above theorems. First, it is
remarkable that only a bound for τ was needed, and not for the whole torsion tensor T .
Second, unlike the Shi-type estimates obtained in [23] assuming bounds for |Rm|ω+ |T |ω+
|DT |ω, they are independent of the time interval T0. Third, they allow for a non-trivial
source term Ψ. The incorporation of sources had turned out to be surprisingly difficult
in the approach of [23], and a key catalyst for the approach in the present paper is the
new formulation of the Type IIB flow found in [8] which unifies it with the Ricci flow.
This allows in particular the application of Calabi-type identities for the connection, as
introduced in [24]. Once the C1 estimates for the metric have been obtained, we can apply
the general Schauder theory for systems of quasilinear parabolic system to obtain all the
higher order estimates [15].
3
2 First Order Estimate of the Metric
The bulk of the paper is devoted to the proof of Theorem 1.
To prove Theorem 1, following [8], we consider the flow of
ηk¯j = ‖Ω‖ωgk¯j . (2.1)
The form η = iηk¯jdz
j ∧ dz¯k satisfies
d(‖Ω‖2ηη
n−1) = 0. (2.2)
In [8], it is shown that η evolves by
∂tηk¯j = −R˜k¯j(η)−
1
2
Tk¯pq(η) T¯j
pq(η)− Φk¯j (2.3)
where R˜k¯j(η) is the second Chern-Ricci curvature of the metric η and Φ(z, ηk¯j) ∈ Λ
1,1(X)
involves combinations of the given Ψ ∈ Λn−1,n−1(X) and ηk¯j.
This evolution equation for η is simpler than the one for ω, and we will use it to obtain
estimates on η and then deduce estimates on ω. For this, we note a relation between their
torsion 1-forms. Taking the determinant of the defining relation, we see that
‖Ω‖2η = ‖Ω‖
2−n
g . (2.4)
Therefore
∂i log ‖Ω‖η = ∂i log ‖Ω‖
1−(n/2)
g =
2− n
2
τi. (2.5)
It follows that if
K−1ω0 ≤ ω(t) ≤ Kω0, |τ | ≤ K (2.6)
then
C−1η0 ≤ η(t) ≤ Cη0, |∇ log ‖Ω‖η|η ≤ C, (2.7)
and for the remainder of the paper, we will assume (2.7) and work exclusively with the
metrics η(t). Note that if η is bounded in the Ck norm and η ≥ C−1η0, then
gk¯j = ‖Ω‖
2/(n−2)
η ηk¯j (2.8)
is also bounded in the Ck norm.
In the remaining part of this section, we follow the calculation in [24] (see also [25, 35])
to derive a gradient estimate for the metric. Let (X, g) be a compact Hermitian manifold.
We will work with the flow
∂tgk¯j = −R˜k¯j −
1
2
Tk¯pq T¯j
pq − Φ(z, g(t))k¯j . (2.9)
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In comparison to the flow (2.3), here we write gk¯j instead of ηk¯j . For abbreviation, we will
denote gˆ = g(0) = g0 and g = g(t). Let
hαβ = gˆ
αγ¯ gγ¯β (2.10)
In the following computation, we will use ∇ and ∇ˆ to denote the Chern connections, θ
and θˆ to denote the connection 1-forms, R and Rˆ to denote the curvatures, with respect
to the metrics g and gˆ. We write
∆ = gpq¯∇p∇q¯, (2.11)
for the Laplacian, and
iΛωΦ = g
jk¯Φk¯j, ω = igk¯j dz
j ∧ dz¯k (2.12)
for the contraction operator. Our curvature conventions are
Rk¯j
p
q = −∂k¯Γ
p
jq, Γ
p
jq = g
pα¯∂jgα¯q, (2.13)
and
R˜p¯q = gp¯ℓg
jk¯Rk¯j
ℓ
q (2.14)
for the second Chern-Ricci curvature.
2.1 Evolution of relative endomorphism
In this section, we derive the following evolution equation.
Proposition 1 Along the flow (2.9), we have
(∂t −∆)Tr h = −g
qp¯h−1γµ∇ˆqh
µ
j∇ˆp¯h
j
γ − g
qp¯Rˆp¯q
α
jh
j
α −
1
2
gˆjk¯Tk¯pqT¯j
pq − iΛωˆΦ. (2.15)
Proof: By definition,
∂tTr h = gˆ
pq¯∂tgq¯p, (2.16)
which by the equation for the flow is
∂tTr h = −gˆ
jk¯R˜k¯j −
1
2
gˆjk¯Tk¯pqT¯j
pq − iΛωˆΦ. (2.17)
In general, we can compute
θ = g−1 ∂g = h−1 gˆ−1 ∂(gˆ h) = h−1 ∂h + h−1 θˆ h (2.18)
= h−1 ∂h + h−1 θˆ h− h−1 h θˆ + θˆ
= θˆ + h−1 ∇ˆh.
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The definition of the curvature of the Chern connection (2.13) implies
Rp¯q
α
β = Rˆp¯q
α
β − ∂p¯(h
−1∇ˆqh)
α
β (2.19)
and
R˜k¯j = gk¯αg
qp¯Rˆp¯q
α
j − gk¯αg
qp¯∇ˆp¯(h
−1∇ˆqh)
α
j. (2.20)
Substituting this identity into (2.17), we obtain
∂tTr h = g
qp¯∇ˆp¯(h
−1∇ˆqh)
α
jh
j
α − g
qp¯Rˆp¯q
α
jh
j
α −
1
2
gˆjk¯Tk¯pqT¯j
pq − iΛωˆΦ. (2.21)
Expanding the first term gives
∂tTrh = g
qp¯(h−1)αµ∇ˆp¯∇ˆqh
µ
jh
j
α + g
qp¯(∇ˆp¯h
−1)αµ(∇ˆqh)
µ
jh
j
α
−gqp¯Rˆp¯q
α
jh
j
α −
1
2
gˆjk¯Tk¯pqT¯j
pq − iΛωˆΦ. (2.22)
Since
∇ˆp¯(h
−1)αµ = −(h
−1)αν∇ˆp¯h
ν
γ(h
−1)γµ, (2.23)
we obtain
∂tTr h = g
qp¯∂p∂q¯Tr h− g
qp¯(h−1)γµ∇ˆqh
µ
j∇ˆp¯h
j
γ
−gqp¯Rˆp¯q
α
jh
j
α −
1
2
gˆjk¯Tk¯pqT¯j
pq − iΛωˆΦ. (2.24)
Here we used that
∇ˆp¯∇ˆqh
i
i = ∂p¯(∂qh
i
i + Γˆ
i
qjh
j
i − h
i
jΓˆ
j
qi) = ∂p¯∂qTrh. (2.25)
This proves the identity. Q.E.D.
This identity allows us to use the quantity Tr h to produce a negative term involving
the C1 norm of the metric.
Proposition 2 Let g(t) evolve by Type IIB flow (2.9). Suppose on [0, T ], we have the
estimate
K−1gˆ ≤ g(t) ≤ Kgˆ, (2.26)
for K > 0. Then
(∂t −∆)Tr h ≤ −
1
K2
|∇ˆg|2 + C, (2.27)
on [0, T ], where C depends on K, (X, gˆ), Φ.
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Proof: We can estimate
gqp¯(h−1)γµ∇ˆqh
µ
j∇ˆp¯h
j
γ = g
pq¯gik¯gˆℓk¯∇ˆqgk¯ℓ∇ˆqgk¯i ≥ K
−2|∇ˆg|2. (2.28)
We also note that
−
1
2
gˆjk¯Tk¯pqT¯j
pq ≤ 0. (2.29)
Altogether, we obtain
(∂t −∆)Tr h ≤ −K
−2|∇ˆg|2 − gqp¯Rˆp¯q
α
jh
j
α − iΛωˆΦ, (2.30)
which implies the estimate. Q.E.D.
2.2 C1 estimate for the metric
As in [34] and [24], we consider
S = |∇h h−1|2g = g
mγ¯ gµ¯β g
ℓα¯ (∇mh h
−1)βℓ (∇γh h−1)µα. (2.31)
The guiding principle of the computations below is that ∇hh−1 is essentially a connection.
Note that by the identity (which can be derived by a computation similar to (2.18))
θˆ = θ −∇hh−1, (2.32)
we can write
S = |θ − θˆ|2g. (2.33)
By the identity
Γkij − Γˆ
k
ij = g
kℓ¯∂igℓ¯j − Γˆ
k
ij = g
kℓ¯∇ˆigℓ¯j , (2.34)
we can also write
S = |∇ˆg|2g. (2.35)
In this section, we will show the following estimate.
Proposition 3 Let g(t) evolve by Type IIB flow (2.9). Suppose on [0, t0], we have the
estimate
K−1gˆ ≤ g(t) ≤ Kgˆ, |T |2 ≤ K (2.36)
for K > 0. Then
(∂t −∆)S ≤ CS + C, (2.37)
on [0, t0], where C depends on K, (X, gˆ), Φ.
Given Proposition 3 and (2.27), we conclude
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Theorem 3 Let g(t) evolve by Type IIB flow (2.9). Suppose on [0, t0], we have the esti-
mate
K−1gˆ ≤ g(t) ≤ Kgˆ, |T |2 ≤ K (2.38)
for K > 0. Then
|∇ˆg|2g ≤ C (2.39)
on [0, t0], where C depends on K, (X, gˆ), Φ, g(0).
Proof: Let
G = S −ATr h, (2.40)
where A ≫ 1 will be chosen depending on K, (X, gˆ), Φ. Combining Proposition 3 and
(2.27), we obtain
(∂t −∆)G ≤ C1S + C −
A
K2
S + AC. (2.41)
Choosing A = K2C1 +K
2,
(∂t −∆)G ≤ AC − S. (2.42)
Let (p, t) ∈ X × [0, T ], be a point where G attains its maximum with t > 0. Then
0 ≤ AC − S(p, t), (2.43)
which implies S(p, t) ≤ AC, and hence
S = G+ ATr h ≤ G(p, t) + C ≤ C. (2.44)
Since S = |∇ˆg|2, this proves the desired estimate. Q.E.D.
2.2.1 General formula for the evolution of S
From [24], under any flow, we have the general formula
(∂t −∆)S = −|∇¯(∇h h
−1)|2 − |∇(∇h h−1)|2 (2.45)
+gmγ¯
〈
(∂t −∆)(∇mh h
−1), ∇γh h
−1
〉
+ gmγ¯
〈
∇mh h
−1, (∂t −∆)(∇γh h
−1)
〉
−(∇mh h
−1)βℓ (∇γh h−1)µα ·
{(
h−1 h˙+ R˜
)mγ¯
gµ¯β g
ℓα¯
−gmγ¯
(
h−1 h˙+ R˜
)
µ¯β
gℓα¯ + gmγ¯ gµ¯β
(
h−1 h˙+ R˜
)ℓα¯ }
We provide the derivation for completeness. We have
∇q¯S = 〈∇q¯∇hh
−1,∇hh−1〉+ 〈∇hh−1,∇q∇hh
−1〉, (2.46)
and
∆S = gpq¯〈∇p∇q¯∇hh
−1,∇hh−1〉+ gpq¯〈∇q¯∇hh
−1,∇p¯∇hh
−1〉
+gpq¯〈∇p∇hh
−1,∇q∇hh
−1〉+ gpq¯〈∇hh−1,∇p¯∇q∇hh
−1〉. (2.47)
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Therefore
∆S = |∇¯(∇hh−1)|2 + |∇(∇hh−1)|2 + 〈∆(∇hh−1),∇hh−1〉
+gpq¯〈∇hh−1,∇p¯∇q(∇hh
−1)〉. (2.48)
Our curvature convention is
[∇j,∇k¯]Wi = −Rk¯j
p
iWp, [∇j ,∇k¯]Wi¯ = Rk¯ji¯
p¯Wp¯. (2.49)
Therefore
∇p¯∇q(∇ihh
−1)αβ = ∇q∇p¯(∇ihh
−1)αβ +Rp¯q
j
i(∇jhh
−1)αβ − Rp¯q
α
γ(∇ihh
−1)γβ
+Rp¯q
γ
β(∇ihh
−1)αγ . (2.50)
It follows that
∆S = |∇¯(∇hh−1)|2 + |∇(∇hh−1)|2 + 〈∆(∇hh−1),∇hh−1〉
+〈∇hh−1,∆(∇hh−1)〉+ gki¯〈∇khh
−1, R˜ji(∇jhh
−1)αβ〉
−gki¯〈∇khh
−1, R˜αγ(∇ihh
−1)γβ〉
+gki¯〈∇khh
−1, R˜γβ(∇ihh
−1)αγ〉. (2.51)
On the other hand,
∂tS = ∂t
[
gki¯gµ¯αg
βν¯(∇khh
−1)αβ(∇ihh−1)µν
]
. (2.52)
We note
h˙αβ = gˆ
αµ¯g˙µ¯β, (h
−1h˙)αβ = g
αµ¯g˙µ¯β . (2.53)
Therefore
∂tS = 〈∂t(∇hh
−1),∇hh−1〉+ 〈∇hh−1, ∂t(∇hh
−1)〉
−(h−1h˙)kℓg
ℓ¯igµ¯αg
βν¯(∇khh
−1)αβ(∇ihh−1)µν
+gki¯gµ¯p(h
−1h˙)pαg
βν¯(∇khh
−1)αβ(∇ihh−1)µν
−gki¯gµ¯α(h
−1h˙)βpg
pν¯(∇khh
−1)αβ(∇ihh−1)µν (2.54)
Putting this together, we obtain (2.45).
2.2.2 Evolution of S along Type IIB flow
In this section, we derive the expression for the evolution of S along the flow (2.9). For
this, we start by using
(h−1 h˙)γβ = g
γν¯ g˙ν¯β, (2.55)
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to rewrite the flow as
(h−1 h˙)γβ + R˜
γ
β = Q
γ
β − Φ
γ
β. (2.56)
Here Qγ¯β = −
1
2
Tγ¯pq T¯β
pq. Next, we compute ∂t(∇mh h
−1)αβ. Similarly as (2.18), we have
θˆ = θ −∇h h−1. (2.57)
Therefore
∂t(∇mh h
−1)αβ = ∂t(Γ
α
mβ − Γˆ
α
mβ) = ∂t(g
αγ¯∂mgγ¯β). (2.58)
It follows that
∂t(∇mh h
−1)αβ = g
αγ¯(∂mg˙γ¯β − g˙γ¯qΓ
q
mβ) = g
αγ¯∇mg˙γ¯β . (2.59)
Thus
∂t(∇mh h
−1)αβ = ∇m(h
−1 h˙)αβ = g
αγ¯∇m
(
−R˜γ¯β +Qγ¯β − Φγ¯β
)
(2.60)
= −∇mR˜
α
β +∇mQ
α
β −∇mΦ
α
β.
We need to compare this expression with ∆(∇mh h
−1). Using the relation between
connection 1-forms (2.57), we obtain
Rˆq¯m
α
β = Rq¯m
α
β + ∂¯q
(
∇mh h
−1
)α
β. (2.61)
It follows that
∆(∇mh h
−1)αβ = g
pq¯∇p∇q¯(∇mh h
−1)αβ = ∇
q¯ Rˆq¯m
α
β −∇
q¯ Rq¯m
α
β. (2.62)
Recall that, for the Chern connections of general Hermitian metrics, we have the following
first Bianchi identies
Rℓ¯mk¯j = Rℓ¯jk¯m +∇ℓ¯ Tk¯jm, Rℓ¯mk¯j = Rk¯mℓ¯j +∇mT¯jk¯ℓ¯ (2.63)
and also the second Bianchi identities
∇mRk¯j
α
β = ∇jRk¯m
α
β + T
r
jmRk¯r
α
β, ∇mRk¯jp¯q = ∇jRk¯mp¯q + T
r
jmRk¯rp¯q (2.64)
∇m¯Rk¯j
α
β = ∇k¯Rm¯j
α
β + T¯
r¯
k¯m¯Rr¯j
α
β, ∇m¯Rk¯jp¯q = ∇k¯Rm¯jp¯q + T¯
r¯
k¯m¯Rr¯jp¯q. (2.65)
Using (2.64), we can compute
∇q¯Rq¯m
α
β = g
pq¯∇pRq¯m
α
β = g
pq¯(∇mRq¯p
α
β + T
r
mpRq¯r
α
β) (2.66)
= ∇mR˜
α
β + g
pq¯T rmpRq¯r
α
β
It follows that
∆(∇mh h
−1)αβ = −∇mR˜
α
β +∇
q¯ Rˆq¯m
α
β − g
pq¯T rmpRq¯r
α
β. (2.67)
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Thus, combining this with (2.60), we obtain
(∂t −∆)(∇mh h
−1)αβ = −∇
q¯ Rˆq¯m
α
β + g
pq¯T rmpRq¯r
α
β +∇mQ
α
β −∇mΦ
α
β. (2.68)
Substituting this expression and (2.56) into the general formula (2.45) for S, we obtain
(∂t −∆)S = −|∇¯(∇h h
−1)|2 − |∇(∇h h−1)|2 (2.69)
+(I) + (II) + (III) + (IV ) + (V ) + (V I)
where
(I) = −gmγ¯∇q¯ Rˆq¯m
α
β (∇γh h−1)α¯β¯ − g
mγ¯ (∇mh h
−1)αβ∇q¯Rˆq¯γ β¯ α¯
(II) = gmγ¯gpq¯T rmpRq¯r
α
β (∇γh h−1)α¯β¯ + g
mγ¯ (∇mh h
−1)αβ gpq¯T rmpRq¯rα¯β¯
(III) = gmγ¯∇mQ
α
β (∇γh h−1)α¯β¯ + g
mγ¯ (∇mh h
−1)αβ∇mQα¯β¯
(IV ) = −gmγ¯∇mΦ
α
β (∇γh h−1)α¯β¯ − g
mγ¯ (∇mh h
−1)αβ∇mΦα¯β¯
(V ) = −(∇mh h
−1)βℓ (∇γh h−1)µα
{
Qmγ¯gµ¯β g
ℓα¯ − gmγ¯ Qµ¯β g
ℓα¯ + gmγ¯ gµ¯β Q
ℓα¯
}
(V I) = −(∇mh h
−1)βℓ (∇γh h−1)µα
{
−Φmγ¯gµ¯β g
ℓα¯ + gmγ¯ Φµ¯β g
ℓα¯ − gmγ¯ gµ¯β Φ
ℓα¯
}
.
2.2.3 Estimate of S
In this section, we estimate terms in the previous expression. The final result will be
(∂t −∆)S ≤ −
1
2
(
|∇¯(∇h h−1)|2 + |∇(∇h h−1)|2
)
+ C(1 + S + |T |2S), (2.70)
where C depends on (X, gˆ), Φ, and bounds for the metric g above and below in terms of
the reference gˆ. To prove this, we will need to estimate terms one by one.
For (I): Because of the presence of connection in e.g. ∇q¯ Rˆq¯m
α
β, the first covariant
derivatives are of the order O(S
1
2 ). Therefore,
(I) ≤ C1 (S + S
1/2). (2.71)
For (II): Recall that
Rˆq¯m
α
β = Rq¯m
α
β + ∇¯q
(
∇mh h
−1
)α
β. (2.72)
Using this, we can estimate (II) as
(II) ≤ C2 S
1/2|T |+ C2 S
1/2|T |
{
|∇¯(∇h h−1)|+ |∇¯(∇h h−1)|
}
. (2.73)
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For (III): We have
∇mQ
α
β = −
1
2
∇mT
α
pqT¯β
pq −
1
2
T αpq∇mT¯β
pq. (2.74)
By definition
∇mT
α
pq = ∇m(Γ
α
pq − Γ
α
qp). (2.75)
By the relation between the reference and evolving connections (2.57), we have
∇mT
α
pq = ∇mTˆ
α
pq +∇m((∇phh
−1)αq − (∇qhh
−1)αp). (2.76)
Terms ∇mT¯β
pq = gip¯gjq¯∇m¯Tβ¯ij can be analyzed similarly. Altogether, we have
(III) ≤ C3 (S + S
1/2)|T |+ C3 S
1/2|T |
{
|∇(∇h h−1)|+ |∇¯(∇h h−1)|
}
. (2.77)
For (IV): Similarly as (I), we have
(IV ) ≤ C4 (S + S
1/2), (2.78)
where the term ∇Φ(z, g(t)) contributes an order of S1/2.
For (V): We directly estimate
(V ) ≤ C5 S|T |
2. (2.79)
For (VI): We directly estimate
(V I) ≤ C6 S. (2.80)
Altogether, we obtain
(∂t −∆)S ≤ −|∇¯(∇h h
−1)|2 − |∇(∇h h−1)|2
+C S1/2|T |
{
|∇(∇h h−1)|+ |∇¯(∇h h−1)|
}
+CS|T |2 + C(S + S1/2)(1 + |T |). (2.81)
From here, we can use 2ab ≤ a2 + b2 to obtain (2.70) and hence prove Proposition 3.
3 Improved C1 estimate
We now assume that X admits a nowhere vanishing holomorphic (n, 0) form Ω. This extra
structure will allow us to improve the estimate of the previous section.
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Theorem 4 Let (X, gˆ) be a compact Hermitian manifold with nowhere vanishing holo-
morphic (n, 0) form Ω. Let g(t) evolve by Type IIB flow (2.9). Suppose on [0, t0], we have
the estimate
K−11 gˆ ≤ g(t) ≤ K1gˆ, |∇ log ‖Ω‖g|g ≤ K2 (3.1)
for K1, K2 > 0. Then
|∇ˆg|2g ≤ C (3.2)
on [0, t0], where C depends on K1, K2, (X, gˆ,Ω), Φ, g(0).
This theorem is the C1 estimate stated in Theorem 1. Before giving the proof, we
compute the evolution of the dilaton function log ‖Ω‖g.
3.1 Evolution of the dilaton
Recall that locally, Ω = Ω(z)dz1 ∧ . . . ∧ dzn for a local holomorphic function Ω(z), and
‖Ω‖2g =
Ω(z)Ω(z)
detg
. (3.3)
We compute
∂t log ‖Ω‖g = −
1
2
∂t log detg = −
1
2
gpq¯g˙q¯p. (3.4)
By the equation of the flow (2.9), we have
∂t log ‖Ω‖g =
1
2
R +
1
4
|T |2 +
1
2
iΛωΦ, (3.5)
where Λω is defined in (2.12). On the other hand,
R = −gpq¯∂p∂q¯ log detg = ∆ log ‖Ω‖
2
g. (3.6)
Therefore
(∂t −∆) log ‖Ω‖g =
1
4
|T |2 +
1
2
iΛωΦ. (3.7)
3.2 Maximum principle
Consider the test function
G = log S + εTrh− A log ‖Ω‖g, (3.8)
for ε, A > 0 to be determined. The evolution of G is given by
(∂t −∆)G =
(∂t −∆)S
S
+
|∇S|2
S2
+ ε(∂t −∆)Tr h− A(∂t −∆) log ‖Ω‖g. (3.9)
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By (2.27), (2.70), (3.7),
(∂t −∆)G ≤
[
C
S
+ C + C|T |2
]
+
|∇S|2
S2
+ ε
[
−
1
K21
S + C
]
− A
[
1
4
|T |2 +
1
2
iΛωΦ
]
. (3.10)
Suppose G attains a maximum at a point (xˆ, tˆ) with tˆ > 0 and S(xˆ, tˆ) > 1. Then
0 ≤
|∇S|2
S2
−
ε
K21
S −
(
A
4
− C
)
|T |2 + C(ε, A) (3.11)
at (xˆ, tˆ). We also have the critical equation ∇G(xˆ, tˆ) = 0 which implies the relation
∇S
S
= −ε∇Tr h+ A∇ log ‖Ω‖g. (3.12)
Therefore
|∇S|2
S2
≤ 2ε2|∇Trh|2 + 2A2|∇ log ‖Ω‖g|
2. (3.13)
Since
|∇Tr h|2 = |Tr ∇ˆh|2 = gij¯ gˆpq¯gˆsr¯∇ˆigq¯p∇ˆj¯gr¯s ≤ nK
2
1 |∇ˆg|
2, (3.14)
we conclude
|∇S|2
S2
≤ 2nK21ε
2S + 2A2K22 . (3.15)
Substituting this inequality in (3.11), we obtain
0 ≤ −
(
ε
K21
− 2nK21ε
2
)
S −
(
A
4
− C0
)
|T |2 + C(ε, A) + 2A2K22 . (3.16)
Let ε = 1/(4nK41) and A = 4C0. Then
0 ≤ −
1
8nK61
S + C(ε, A) + 2A2K22 . (3.17)
It follows that
S ≤ C(K1, K2), (3.18)
at (xˆ, tˆ), and hence S is bounded uniformly at all points (x, t) ∈ X× [0, t0]. This completes
the proof of Theorem 4.
4 Higher Order Estimates
We now establish higher order estimates for the Type IIB flow, using the theory of quasi-
linear parabolic systems.
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4.1 Higher order estimates for quasi-linear parabolic system
We recall the following theorem about the higher order estimates for general linear and
quasi-linear parabolic system from the book by Ladyzenskaja et al. ([15] Theorem 5.1 in
Chapter 7, page 586). Consider the following quasi-linear parabolic systems of the form
ut = a
ij(x, t,u)ui j + a(x, t,u,ux), (4.1)
in which u(x, t) =
(
u1(x, t), u2(x, t), · · · , uN(x, t)
)
is an unknown vector function defined
in QT = Ω× (0, T ) with Ω ⊂ R
n and a(x, t,u,p) is a given N -dimensional vector-valued
function with components aℓ (x, t,u(x, t),ux(x, t)); a
ij(x, t,u) is an n× n matrix function
satisfying
λ · |ξ|2 ≤ aijξiξj ≤ Λ · |ξ|
2 (4.2)
for any real ξ = (ξ1, · · · ξn).
The theorem states the following
Theorem 5 Let u(x, t) ∈ C2,1
(
Q¯T
)
be a solution of the quasi-linear system (4.1). Sup-
pose that
1) The functions aij(x, t,u) and their derivatives with respect to the xk and u
ℓ are all
continuous in the domain
D = {(x, t) ∈ Q¯T : |u| ≤M0, |p| ≤ M1} (4.3)
where M0 = maxQT |u(x, t)| and M1 = maxQT |ux(x, t)|;
2) The functions aℓ(x, t,u,p) are continuous in D.
Then for any Q′ ⊂ QT , there exist two positive constants C and α such that
‖u‖C1+α,α/2(Q′) < C. (4.4)
Here α and C depend on M0,M1, λ, the distance from Q
′ to ∂Ω× [0, T ], ‖u(x, 0)‖C1+α(Ω),
and the moduli of the continuity in 1) and 2).
If, in addition, the functions aℓ(x, t,u,p) and aij(x, t,u) together with its derivatives
satisfy a Ho¨lder condition in D in the arguments x, t,u,p with exponents β, β/2, β, β re-
spectively, then
‖u‖C2+β,1+β/2(Q′) < C (4.5)
for some constant C depending on M0,M1, λ, dist(Q
′, ∂Ω × [0, T ]), the Ho¨lder continuity
of aij and aℓ, and ‖u(x, 0)‖C2+β(Ω).
The requirement about the derivatives of aij(x, t,u) in condition 1) is used to re-write
the system of equations (4.1) into a quasi-linear system of divergence form.
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4.2 Higher order estimates for the Type II B flow
We will use the above estimates for general quasi-linear parabolic systems to derive the
higher order estimates for our flow (2.9)
∂tgk¯j = −R˜k¯j −
1
2
Tk¯pq T¯j
pq − Φ(z, g(t))k¯j . (4.6)
From the definition, we know
R˜k¯j = −g
qp¯ ∂p¯∂q gk¯j + g
qp¯ gnℓ¯ ∂p¯gk¯n ∂qgℓ¯j (4.7)
and
Tk¯jm = ∂jgk¯m − ∂mgk¯j. (4.8)
Therefore, we can treat flow (2.9) as a quasi-linear parabolic system of the form (4.1)
by taking u = g,
aij(x, t,u) = g−1 (4.9)
and
a(x, t,u,p) = gqp¯ gnℓ¯ ∂p¯gk¯n ∂qgℓ¯j −
1
2
Tk¯pq T¯j
pq − Φ(z, g(t))k¯j (4.10)
Using the C1 estimate on g, we can check that aij and a satisfy the conditions 1) and 2)
in the general theorem. Then, the higher order estimates for g follows directly.
Theorem 6 Let (X, gˆ) be a compact Hermitian manifold with nowhere vanishing holo-
morphic (n, 0) form Ω. Let g(t) evolve by Type IIB flow (2.9). Suppose on [0, t0], we have
the estimate
K−1gˆ ≤ g(t) ≤ Kgˆ, |∇ log ‖Ω‖g| ≤ K (4.11)
for K > 0. Then
‖g‖C2+α,1+α/2(X×[0,t0]) ≤ C, (4.12)
where C depends on K, (X, gˆ,Ω), Φ, g(0).
Higher order estimates on g follow from the parabolic Schauder estimates. Once g(t)
is uniformly bounded in all Ck norms on X × [0, t0], a standard compactness argument
using the Arzela-Ascoli theorem and the short-time existence theorem gives the extension
of the flow to [0, t0 + ǫ] for some ǫ > 0.
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5 Proof of Theorem 2
In comparison with the estimates in Theorem 1, the assumption on the lower bound of the
evolving metric ω(t) is removed when Ψ = 0. Indeed, it was noted in [7] that the following
bound holds along the Anomaly flow:
‖Ω‖ω(t) ≤ sup
X
‖Ω‖ω0. (5.1)
This can also be seen from (3.7), which shows that
(∂t −∆) log ‖Ω‖η(t) ≥ 0, (5.2)
where η = ‖Ω‖ωω. The bound (5.1) implies
det g0
det g
‖Ω‖2g0 ≤ C. (5.3)
If we let hij = (g0)
ik¯gk¯j(t), this implies
det h ≥ C−10 . (5.4)
If 0 < λn ≤ . . . < λ1 are the eigenvalues of h, by assumption we have that
λ1 ≤ K1. (5.5)
It follows that
1
λn
=
λn−1 · · ·λ1
det h
≤ C0K
n−1
1 . (5.6)
Therefore
ω(t) ≥ C−1ω0, (5.7)
and we may apply Theorem 1. Q.E.D.
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